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Abstract 
Let P(G) denote the chromatic polynomial of a graph G. Two graphs G and H are chromatically 
equivalent, written G-H, if P( G) = P( H). A graph G is chromatically unique if G z H for any graph 
H such that H-G. Let J? denote the class of 2-connected graphs with n vertices and n+3 edges 
which contain at least two triangles. It follows that if GE_% and H-G, then HER. In this paper, we 
determine all equivalence classes in 2 under the equivalence relation - and characterize the 
structure of the graphs in each class. As a by-product of these, we obtain various new families of 
chromatically equivalent graphs and chromatically unique graphs. 
1. Introduction 
Let P(G) denote the chromatic polynomial of a (simple) graph G (see [7]). Two 
graphs G and H are chromatically equivalent (denoted by G-H) if P(G) =P(H). 
A graph G is chromatically unique if G z H for any graph H such that H - G. It is 
trivial that the relation - is an equivalence relation on the class of graphs. We shall 
denote by (G) the equivalence class determined by the graph G under -. Thus, 
a graph G is chromatically unique if and only if (G) = { G}. 
Let 9 denote the class of 2-connected graphs with n vertices and n + 2 edges which 
contain a 4-cycle or two triangles. By applying some results of Chao and Zhao [2], we 
determined in [S] all equivalence classes in 3 under -, and characterized the 
structures of the graphs in each class. 
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Let 2 denote the class of 2-connected graphs with n vertices and n + 3 edges which 
contain at least two triangles. It can be shown (see Lemma 2.7 for instance) that if 
GE% and H - G, then HEX’. In this paper, we shall determine all equivalence classes 
in 2 under _ and characterize the structures of the graphs in each class. As 
a by-product of these, we obtain various new families of chromatically equivalent 
graphs and chromatically unique graphs. 
2. Notation and basic results 
We begin with two simple but useful techniques for calculating chromatic poly- 
nomials. Throughout this paper, all graphs are assumed to be connected. 
Lemma 2.1 (Fundamental reduction theorem (Whitney [12])). Let G be a graph and 
e an edge of G. Then 
P(G)=P(G-e)-P(G.e), 
where G-e is the graph obtained from G by deleting e, and G. e is the graph obtained 
from G by contracting the end vertices of e and removing all but one of the multiple 
edges, if they arise. 
The second technique applies to graphs of the kind described below. Let G1 and Gz 
be graphs, each containing a complete subgraph K, with r vertices. Let G be the graph 
obtained from Gi uG2 by identifying the two subgraphs K,. Then G is called 
a K,-gluing of G1 and G,. When r= 2, we call G an edge-gluing of G, and G,. 
Lemma 2.2 (Zykov [14]). Let G be a K,-gluing of G1 and G2. Then 
P(G)= 
P(G,)P(G,) P(G,)P(G,) 
P(K,) =A(>,-l).,,(&r+l)’ 
From Lemma 2.2, we see that all K,-gluings of G1 and Gz are chromatically 
equivalent. In this paper, the only K,-gluings we shall be dealing with are the 
edge-gluings. Let G(O) be a given graph which is an edge-gluing of some graphs, say G1 
and Gz. Forming another edge-gluing of G, and GZ, we obtain a new graph G(l). Note 
that G(i) may not be isomorphic to G(O). Clearly, G”’ is an edge-gluing of some 
graphs, say H 1 and Hz. Note that H 1 and Hz may not be G1 and Gz. Forming another 
edge-gluing of HI and H,, we obtain another graph G’*‘. The process of forming G(l) 
from G(O) (or G’*’ from G”‘) is called an elementary operation. A graph H is called 
a relative of G if H can be obtained from G by applying a finite sequence of elementary 
operations. It follows from Lemma 2.2 that if H is a relative of G, then H - G. 
The next result, due to Whitney [ll], has profound consequences in the study of 
chromatic polynomials. In order to understand this result, we need the concept of 
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a broken cycle. Let G be a graph with n vertices and m edges, together with a bijection 
a:E(G)+{1,2, . . . . m}. Let C be a cycle of G and e an edge of C such that a(e)> g(x) 
for all xgE( C). Then the path C-e in G is called a broken cycle of G induced by a. Note 
that cx is just a labelling map for the edge set. It is interesting that the following result is 
independent of the labelling map. 
Lemma 2.3 (Whitney’s broken cycle theorem). Let G be a graph with n vertices and 
m edges together with a bijection cx : E(G)-+{ 1,2,. . . , m}. Then 
n-1 
P(G)= C (-l)ihi~“-i, 
i=O 
where hi is the number of spanning subgraphs of G that have i edges and that contain no 
broken cycles induced by M. 
By using Lemma 2.3, it is not hard to derive the following result. 
Lemma 2.4. Let G be a graph with n vertices and m edges. Then in the polynomial P(G), 
the coeficient of 
(i) A” is 1, 
(ii) in-l is -m, 
(iii) ~fl-2 
LS (‘;) - t 1 (G), where tI (G) is the number of triangles in G. 
A similar result to Lemma 2.4(iii) for the coefficient of A”_3 was obtained by Farrell 
[3]. We denote by C, (n33) the cycle with n vertices. 
Lemma 2.5. Let G be as in Lemma 2.4. Then the coefficient of Anm3 in P(G) is 
-( 1 y +(m-2)tl(G)+t2(G)-2t3(G), 
where t2( G) is the number of pure C4 (i.e. C4 without chords) and t3( G) is the number of 
the complete subgraphs K4 in G. 
If a graph G contains a cut-vertex, then it is easy to see that (A- 1)2 1 P(G). Woodall 
[13] and Whitehead and Zhao [9] showed independently that the converse is also 
true. 
Lemma 2.6. A graph G contains a cut-vertex if and only if (A- 1)2 1 P(G). 
A graph without cut-vertices is called a 2-connected graph. The following immedi- 
ate consequence of Lemmas 2.4-2.6 provides some simple necessary conditions for 
two graphs to be chromatically equivalent. 
Lemma 2.7. Let G and H be fwo chromatically equivalent graphs. Then G and H have, 
respectively, the same number of vertices, edges and triangles. If both G and H do not 
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contain K4, then they have the same number of pure C4. Moreover, G is 2-connected if 
and only if H is so. 
We shall need the chromatic polynomials of the following graphs. For any positive 
integers d, e,f (of which at most one of them can be l), we denote by O,,,,, the graph 
obtained by joining two distinct vertices with three disjoint paths of length d, e andf: 
This graph is called a generalized O-graph [6]. For convenience, we shall denote the 
complete graph K2 by C1. 
Lemma 2.8. 
(4 P(C,,)=(J%-l)“+(-1)“(1-l), where n32; 
(ii) P(Q4e,.f)= 
3. Classification of graphs 
Recall that X is the class of 2-connected graphs with n vertices and n + 3 edges 
which have at least two triangles. Thus, if GE&?, then the sum of the degrees of the 
vertices of G is 2n + 6 and deg( v) k 2 for each vertex v of G. Let us consider three cases. 
Case 1: G contains a K4. Since G satisfies the above conditions, G must be the graph 
(1) in which some two vertices are joined by a path of CI edges. 
(1) 
Case 2: G contains at least 3 C3’s but no Kg. In this case, G contains one of the 
following graphs as a subgraph: 
(a) & (b) iu/ cc> a 
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Suppose G contains (a) as a subgraph. Since (a) has 7 vertices and 9 edges, there is at 
most one path in G (edge-disjoint from (a)) joining some pair of vertices of (a). This, 
however, implies that G contains a cut-vertex, a contradiction. Thus, G does not 
contain (a) as a subgraph. 
If G contains (b) as a subgraph, then, as before, G must be one of the following 
graphs: 
0 % -- (4) (6 1 2) 6 
If G contains (c) as a subgraph, then G must be one of the following graphs, which 
are relatives of (3) and (4). 
A--_. 
, \ 
‘\ 
\ w 
Likewise, if G contains (d), (e),(f),(g), (h) or (i) as a subgraph, then G must be 
a relative of (3) or (4). 
Case 3: G contains exactly 2 C3’s. In this case, G contains one of the following 
graphs as a subgraph: 
(j > cp Ck) pQ CR) o/f OvO 
If G contains either (j) or (k) as a subgraph, then there is a path in G (edge-disjoint 
from the subgraph) joining two of the distinct vertices of the subgraph. The subgraph, 
together with this path, is a subdivision of one of the graphs: (b),(c),(d) and (e). This 
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fact can be used to show that G must be one, or a relative of one, of the graphs 
(5) (6), . . . , ( 12). 
If G contains (1) as a subgraph, then since G is 2-connected, there are two paths 
joining two distinct vertices of one C3 to two distinct vertices of the other. As before, 
G is either the graph (13) or a relative of one of the graphs (7) and (9). 
We shall use G,(U), G,(B), G,(Y), G4(4, Gs(e,f), G6(a,brc1,cJ, Gkkj), 
Gs(P,q), G9(r,s,t), Gio(u,u), GI1(x,~,z), G1~(v,&) and G,,(~,$,x) (or simply 
G,,Gz, . . . . G13) to denote the graphs (l),(2), . . . . (13) respectively. We shall also say 
that the graph Gi, or any of its relatives, is of type (i). 
Our purpose here is to determine the chromatic equivalence class of each of the 
above graphs. We first note that if H - G and G is one of the above graphs, then 
H must be one, or a relative of one, of the above graphs as well. Our main result is as 
follows. 
(5) r& (6) +f$ “ca 
c2 - 
f>eZ2 a>b>2, cl+c 2>1 
(71 (8) 
(9) d$p-3, (lo) 62 
rZ s, St 22, rt t 2 v& vz3, u>2 
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(11) 
(13) lJJZx>l. 
Theorem 3.1. For a graph G, let (G) = {H 1 H - G}. We have the following: 
(1) G1 is chromatically unique; 
(2) G2 is chromatically unique; 
(3) HE( G,) if and only if H is a relative of G,; 
(4) HE( G4) <f and only if H is a relative of G,; 
(5) (a) GAe,f) is chromatically unique if and only if f#e+ 1, (b) 
(G,(e,e+l))={Gg( e,e+l)}u(HIH is a relative of G9(e,l,e)}; 
(6) H~(G~(a,b,c~,c~)) ifand only if H=G,(a,b,c;,c$) with c;+c;=c~+cz; 
(7) HE{ G,) if and only if H is a relative of G,; 
(8) HE ( G8 ) Q and only if H is a relative of G8; 
(9) (G,(r,l,r))=(G,(r,r+l)); for other possible values of r,s and 
t,HE(Gg(r,s,t)) if and only if H is a relative of Gg(r,s,t); 
(10) HE{ G,,) if and only if H is a relative ofGIo; 
(11) GII is chromatically unique; 
(12) GIZ is chromatically unique; 
(13) G13 is chromatically unique. 
4. Chromatic polynomials of the graphs 
To prove our main result, we need to gather some useful information about the 
chromatic polynomials of G1, . . . , G1 3. 
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Lemnma 4.1. 
(1) 
(4 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
Note. 
P~G,)=P~c,+,)P~K,~~c~~~-~~~=~~-~~~~-~~~~c,+,~. 
P(G,)=(I-WA-3)P(C,+,)+(I-2)P(C,+,). 
P(C,)=(;l-2)2CP(C,+,)-P(C,,1)1. 
P(G)=(~-2)3p(G+,). 
P(G,)=(E.-2)CP(e,,f,2)-P(ee,f,l)l 
J&2)(1.-3) 
P(C,+,)P(C/+r)+ 
(A- l)(A-2) 
qi- 1) i 
P(CJP(C,). 
P(G,)=(A-2)[P(&,,,,,+,,+z)-P(@a,b,c,+cz+r)l 
(‘-‘) ~(~,+1)~(~b+,)~~(~,,+,,+3)-~(c~,+~,+2)1 
=i2(;1- 1)2 
(l-2) 
+-- i2 P(c,)P(Cb)cP(C,,+,,+2)-P(C~,+~,+1)1. 
P(G,)=(i-2)2P(eg,h,j+1). 
PcG,)=(n-2,ir(e,,,,i=~P(C,+,)P(C,,,). 
P(cs)=(~-2)cP(e,+1,,,~+~)-P(e~,~+~,~)i. 
(A-2) 
P(Gm)= ]“(,_ 1) ~P(C”+,)cP(CU+,)-P(CU+l)l. 
P(c11)=(~-3)P(e,+1,,+1,.)+P(e,,,.,+1). 
P(G12)= P(c~+2~(C&+2)-2P~ed+~,~+~,~)+P(ed.r.Z)- 
P(Gn)=P(~~+Z,J1+2,X ~-2w~+l,~+l,x+l )+fv4,,.,+2). 
For convenience, in what follows, we may use the diagram of a graph to 
represent its chromatic polynomial when we apply Lemma 2.1. 
Proof. (1) G1 is an edge-gluing of C,+ 1 and &, and so by Lemma 2.2 
P(G,)= 
P(C,+,)P(W 
qn-1) * 
Now P(K,)=%(A-l)(I_-2)(A-3). Thus, P(G1)=(I_-2)(A-3)P(C,+r). 
(2) First note that if G is an edge-gluing of a C3 and H, then P(G) = (A - 2)P( H) by 
Lemma 2.2. Now applying Lemma 2.1 to G2 yields 
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=(3.-2)2P(c,+,)-(r”-2)P(c8+2)+(n-2)P(c,+~) 
=(A-2)(1.-3)P(Cp+J+(A-2)P(CB+1). 
Parts (3)-(13) can be proved likewise. q 
Next, we shall express the above polynomials in rather artificial products, from 
which we can easily conclude that several of the corresponding graphs are not 
chromatically equivalent. We need the following easy lemma. 
Lemma 4.2. 
(i) P(C,)=/2(1.-l)Q,(i), where Qm(~)=(IZ-l)m-2-(~~-l)m-3+... 
-(-l)“‘(I,-1)+(-l)” with Q,,,(l)=(-1)“‘. 
(ii) P(8,,,,.)=~(;1_1)M,,,,.(~), where M,,,,,(A) is a polynomial with 
M,,y,Z(l)=(-l)X+y+=+l. 
The following lemma now follows from Lemmas 4.1 and 4.2. 
Lemma 4.3. For each i = 1 2 > 9 ...> 13, 
P(Gi)=A(i-l)Ni(A), 
with 
N,(1)=2(-1)“+‘, N,(1)=3(-l)fi, 
N3(l)=2(-l)? N,(l)=(-fY, 
N,(1)=2(-1)‘+“, Ns(l)=2(-l)a+b+c’+C2, 
N,(i)=(- i)g+h+j, N,(l)=(-l)P+q, 
N9(l)=2(-l)‘+S+t’, N,,(l)=2(-1)“+“, 
N11(1)=3(-l)“+Y+=, N,,(1)=3(- l)a+&+r, 
Nr3(l)=4(-l)++Jl+X+1. 
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Corollary. Let ~I={G~G~,Gs), ~~=(G1,G3,Gs,Gg,Gs,Glo}, ~3={G~,G11,Glz} 
and g4={G13}. Then for each i=l,2,3,4 and each GE~irH-G implies that H is 
a member, or a relative of a member, of pi. 
Proof. This follows from the fact that if i#j, G,E%i and Gq~gj, then IN,(l)/ = 
i#j=(N,(l)(. Cl 
Lemma 4.4. Let w = R - 1. Then 
(4 
(ii) 
(iii) 
and i runs through the multiset {s, 1, r, 1, t, 1 }. 
(iv) 
(4 
f’(c;,,)=~ Qldw), where 
W 
Qu,(w)=w(w+l)(w”+(-l)“+l 
P,,(w), where 
)[WUfl -wU+2(-l)“]. 
P,,(w)=(w-2)(w”+‘+(-1)“)(W~+1+(-1)~)(W=+(-l)=+1) 
+w*(w-2)(wx+(-1)x+~)(wy+(-1)~+1)(wz-l+(-l)=) 
+(w”+(-l)x+~)(w~+(-l)y+l)(w=+l+(-l)=). 
+w’(wx-‘+(-l)“)(wy-l+(-l)y)(w=+(-l)z+l). 
Proof. We shall prove (iii). Observe that P(Gg)=(A-2)P(K,(s, l,r, 1, t, l)), where 
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&(s, 1, r, 1, t, 1) is a K,-homeomorph with n- 1 vertices and n+ 1 edges. By a result 
in [2, p. 1201, 
+~(-l)“-‘w’+‘+(-l)“+‘W3+3(-l)“w~+2(-l)”+’w, 
I 
where i runs through the multiset {s, 1, r, 1, t, 1). The result thus follows. 
The other equalities follow from Lemmas 2.8 and 4.1. q 
The following result now follows from Lemma 4.4. 
Lemma 4.5. Let w = A - 1. Then: 
(i) (w - 1)’ divides P(G,) if and only if a +b is odd, 
(ii) (w- 1)2 divides P(G,) if and only $ e+f is odd. 
5. Proof of the main theorem 
We are now in a position to prove our main theorem. In the following proof, we 
shall use [w ‘1 P(G) to denote the coefficient of w1 in the polynomial (w + 1) 2P(G), 
where w=A- 1. 
The results (1) and (2) can be found in [4] and [l], respectively. 
(3) and (4). Let HE(G~)u( G4). Then H has exactly three triangles. Since G2 is 
chromatically unique, H must be of type (3) or (4). Now by the corollary to Lemma 4.3, 
P( G3) #P( G,). We conclude that 
HE( G,) if and only if H is a relative of G3 
and 
HE( G4) if and only if H is a relative of Gq. 
(5) Before we proceed, we first note that, by using Lemmas 4.1 and 4.2, we can write 
P(G,)=A(i-l)(A-2)M,(A), 
where 
Clearly, 4 1 M,(3). 
Let H - Gs(e,f). Then by the corollary to Lemma 4.3 and the known facts about 
the chromaticity of G1 and GJ, we need only consider H of type (5), (6), (9) and (10). 
Suppose H = G,(e,,fi). Then it is not hard to argue by using Whitney’s broken 
cycle theorem that e = e, and f=fi . Hence, HE G,(e,f). 
Suppose H = G6(a, b, cl, c2). Then by Lemmas 4.1 and 4.2. 
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Let us write P(H)=R(1-l)(,?--2)M,(A). Then 41M1(3) if and only if 
4lQ,+,(3)Q,+,(3)CQ,,+,,+,(3)-Q,,+,,+,(3)1. 
However, by Lemma 4.2, Q,,+ 1 (3) and Qb+ 1 (3) are odd and 
Q E,+C~+3(3)-Q~l+,,+,(3)=2(2c’+c2-’-2c’+c2-2+~~~-(-1)c’+c2+12 
+(-1) c1+c2+1 ), 
which is not divisible by 4. Thus, 4,j’M,(3) and hence P(G,(e,f))#P(H), a contradic- 
tion. 
Also, 
where 
M,(i)=Q,,,(~){Q,+z(n)-QU+1(~)). 
Again, QU+ 1(3) is odd and 41_ (QU+ 2(3) - Q,+ 1 (3)), which imply that 4x M2 (3). Thus, 
P(Gs)ZP(G~~). 
Suppose H=G9(r,s,t). Since (n-2)’ divides P(H), eif must be odd by Lemma 
4.5(ii). We consider two cases. 
Case (i): f# e + 1. This implies that f= e + E for some E > 3. Clearly, 
r+s+t=e+f=2e+E. 
Observe that there is a one-to-one correspondence between the broken cycles formed 
by the triangles of Gg and G5. Since P( G,) = P(G,), by Whitney’s broken cycle 
theorem, Gg must have a broken cycle of length e + 1. Suppose s + t = e + 1. Then 
r+t=2e+e-s=2e+&-(e+l-t)=e+E-l+t>e+l 
and 
r+s=e+s-l+s>e+l. 
Hence, Gg has only one broken cycle of length e+ 1 while G5 has two. Thus, 
P( G,) #P( G,), a contradiction. 
The case when r + t = e + 1 and r + s = e + 1 will also lead to a contradiction. 
Case (ii): f=e+ 1. It follows from Lemma 4.1 that 
P(C,(e,e+I))=P(Gg(e, I,e)). 
Hence, G,(e,e+l)mGg(e,l,e). Note that G,(e,e+l)$ G,(e,l,e). 
(6) Let G = Gs(a, b, cl, c2) and assume H -G. By the corollary to Lemma 4.3 and 
the known facts about the chromaticity of G,, G3 and Gg, we need only consider H of 
type (6), (9) and (lo). 
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From the expression of P( G,) in Lemma 4.1, it is clear that if c1 + c2 = c; + c;, then 
P(G,(a,b,c,,c~))=P(G,(a,b,c~,c~)). In particular, P(G,(a,b,c,,c2))=P(G6(a,b,c,0)), 
where c = cr + c2. So we may assume G = G6( a, b, c, 0). 
Suppose H = G9(r,s, t). Since (3.-2)2/ P(G,), a+ b is odd by Lemma 4.5. Hence, 
a> b. Next we note that, since [w2]Q6(w)=0, we must have r, s, ~32, so that 
[w2]Q9(w)=3(-l)“+(-l)“-‘+(-l)“-‘+(-l)”-’=O. 
Note also that the term 2( - l)a+btcw3 = 2( - 1)“~~ of Q6(w) is equal to 
(-l)“+’ w3+3(-1)“w’+2 of Q9(w) (see Lemma 4.4). Now consider the terms 
2(-l)“+‘wb+i, -(-l)“+b~c+2 of Q6(w) and (-l)n-s~Sfl,(-l)n-r~r’l, 
(_ l)n-tw’+’ of Q9(w). We claim that one of r, s, t is c + 1 and two are equal to b. 
Moreover, a = b + 1. 
Case (i): minia, b,c} = b. This implies that b#c+ 1. So exactly two of r,s, t must 
be b. 
(i)l : Suppose s = b = t. 
Note that there is a one-to-one correspondence between broken cycles formed by the 
two triangles of G6 and G9, respectively. We may label the chords of both C4 (formed 
by the triangles) with the number n+3. Since 2b+r=a+b+c, we have 
b+r=u+c> b+c. Hence, r>c8 b. Therefore, G9 has exactly one broken cycle of 
length 2b. So G6 must also have exactly one broken cycle of the same length. The only 
candidate of G6 is the broken cycle of length a + b - 1. Hence, a = b + 1, which implies 
that r=c+l. 
(i)2: Suppose r=s=b. As before, we have u=b+ 1 and t=c+ 1. 
Case (ii): min{ a, b, c} = c. 
(ii)r: If b=c+l, then r=s=t=b. Hence, u=b+l. 
(ii)2: If b#c+ 1, then exactly one of r,s, t is equal to c+ 1. We consider two 
subcases: 
(a) If s=c+l, then r+t=u+b-1. 
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Since G6 has two broken cycles of length b+ct- 1, we must have 
t+c+l=r+c+l=b+c+l, 
which implies that t = r = b and hence a = b + 1. 
(/I) If t=c+l, then r+s=a+b-1, and we have r=s=b and a=b+l as before. 
There is now a one-to-one correspondence between broken cycles of length 
2,3,2b, b + c + 1 of G6 and Gg, respectively. A broken cycle is said to be primitive if it 
does not contain a proper sub-broken cycle. Observe that in each case G, contains 
a primitive broken cycle of length a+c + 1 = b+c+2 while Gg does not have such 
a broken cycle. This contradicts Whitney’s broken cycle theorem. We thus conclude 
that P(G,)#P(G,). 
Next, since 
and 
we conclude that P(G6)#P(G,,). 
Now suppose H = G,( a’, b’, c’, 0). Then by inspecting the coefficients contributed by 
the terms in wb+’ and wc+’ (in case c+ 2 = b + 1) of Qs(w), we see that b # b’ 
(remember that b d a and b’ <a’). Thus, by symmetry, b = b’. Likewise, a = a’ and 
hence c = c‘. Therefore, H s G. 
(7) Let G = G,(g, h,j) and let H-G. By the corollary to Lemma 4.3, H must be of 
type (4), (7) or (8). From what we have shown about Gq, H must be either of type (7) or 
(8). 
Suppose H = G, (p, q). Then 
P(H)=(I-2)*P(e,,,,). 
But P(G)=(i_2)*P(dg,h,j+l); hence, 
As g, h >,2 and Jo 1, this is impossible by the chromatic uniqueness of 8,,,, I [S]. 
Now suppose H is a relative of G,( g’, k’, j’). Then, as before, 
But eg,h,j+ I is chromatically unique; so 
8 -8 g,h,j+l= g’,h’,j’+l. 
Thus, H is a relative of G. 
(8) From the last case we see that HE ( G,(p, q)) if and only if H is a relative of 
some G,( p’, q’). It is not hard to see that p = p’ and q = q’. Hence, H is a relative of 
GE(P> 4). 
(9) Let G = G,( r, s, t) and suppose H - G. It remains to consider the cases when H is 
of type (9) or (10) (see the corollary to Lemma 4.3). 
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Suppose H = Glo( u, v). Since 
[w’]Q9(w)=3(-1)“+(-1)“-‘+(-1)“-‘+(-1)”-1=0 
and 
[w~]Q~,,(w)=~(-~)“+“+‘, 
we conclude that P(H)#P(G). 
Now suppose H is a relative of G,( Y’, s’, t’). Then 
P(G)=(3_--2)P(K,(s, l,r, l,t, 1)) 
and 
P(H)=(A-2)P(&(s’, l,r’, l,t’, 1)). 
But K,(s, 1, r, 1, t, 1) is chromatically unique [4]; hence, K,(s, 1, r, 1, t, l)r 
&(s’, l,r’, 1, t’, l), and so H is a relative of G9(r,s, t). 
(10) From the above discussion it is now clear that HE( Glo) if and only if H is 
a relative of Gio. 
(11) Let G = Gi i (x, y, z) and suppose H - G. By the corollary to Lemma 4.3, we 
need only consider cases when H is of type (11) or (12) (GZ is known to be chromati- 
cally unique). 
Suppose H = G12(&, Q). Note that by Lemma 2.7, G1 1 and Gi2 must have the same 
number of pure Cd. Let IV, be the set of all spanning subgraphs, of size 3, of the graph 
X that contain a broken cycle, excluding those obtained from pure Cq. Each edge of 
G together with any one of the two broken cycles obtained from the triangles gives rise 
to a member of W,. The broken cycle obtained from the C.+, formed by the 
edge-gluing of the two triangles, is itself a member of W,. Therefore, 1 W,/ is odd. 
Likewise, one can show that 1 W,l is even. Hence, P( G)#P(H) by Whitney’s broken 
cycle theorem. 
Now suppose H = Gll(x’,y’, z’). By considering the following terms in P,,(w) for 
Gi i (x, y, z) (see Lemma 4.4), 
and the corresponding terms for G,,(x', y', z’), we have either 
(i) x=y=z’ and z=x’=y’ 
or 
(ii) x=x’, y=y’ and z=z’. 
In case(i) it is easy to see, by using x+y+z=x’+y’+z’, that x=y=z=x’=y’=z’. 
Case (ii) implies that G r H. Hence, Cl 1 is chromatically unique. 
(12) Let H - G,,(q, E). It follows from the corollary to Lemma 4.3 and the chro- 
matic uniqueness of G2 and Cl 1 that H = G,,(q’, E’) for some v’, E’. Now it is not hard 
to argue by using Whitney’s broken cycle theorem that ye =r~’ and E=E‘ and hence 
Glz is chromatically unique. 
(13) It is clear by the corollary to Lemma 4.3 and Whitney’s broken cycle theorem 
that Gi3 is chromatically unique. 
This completes the proof of our main theorem. 
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